Abstract. We give the principal realization of the twisted Yangians of orthogonal and symplectic types. The new bases are interpreted in terms of discrete Fourier transform over the cyclic group Z N .
* twisted Yangian algebras. Section four gives the principal realizations for the twisted Yangian algebras of orthogonal and symplectic types.
Principal realization of Yangian algebra Y (gl N )
In this section, we first recall the principal realization for Y (gl N ) and then derive new relations using discrete Fourier transform for our later purpose.
2.1. Principal basis of gl N . Let g = gl N be the Lie algebra of N × N complex matrices. The standard Cartan-Weyl basis consists of matrices E ij , where i, j ∈ Z N = {0, 1...N − 1}. For our purpose we will make full use of the additive structure of the index set Z N .
The cyclic element in gl N is E = i∈Z N E i,i+1
and its centralizer C(E) = k∈Z N CE k is a Cartan subalgebra of gl N called the principal Cartan subalgebra. With respect to this Cartan subalgebra, the principal root space decomposition is given as follows:
where ω = e i2π N . Let G be a finite abelian group with irreducible characters χ i , (i = 1, . . . , |G|), the discrete Fourier transform of the function f (g) on G is another function on G * = {χ i |i = 1, . . . , |G|} defined by (2.2) F(f )(χ) = h∈G χ(h)f (h).
In the case of cyclic group G = Z N , Z * N = {χ i |i = 0, . . . , N − 1} ≃ Z N , and χ i (j) = ω ij . Therefore the discrete Fourier transform of the function f on Z N is (2.3)
The inverse Fourier transform is given by
Fix j, denote the finite sequence {E k,k+j } by {ǫ j }, where k runs over Z N , i.e., ǫ j (k) = E k,k+j . Then the principal basis elements A ij are actually the ith term of the discrete Fourier transform of the sequence {ǫ j }, and formula (2.1) takes the following new form:
The algebraic structure of principal basis A ij is given by:
Under the standard inner product (x|y) = tr(xy), we have
and the dual principal basis is {
Definition 2.1. The Yangian algebra Y (gl N ) is an unital associative algebra with generators t (r) ij (i, j ∈ {1, 2...N}, r ∈ Z + ) subject to the relations:
where t (0) ij = δ ij . Its matrix presentation is given in terms of the rational Yang-Baxter R-matrix. Let u be a formal variable and let
where P is the permutation matrix: P (u ⊗ v) = v ⊗ u for any u, v ∈ C N . The matrix R(u) satisfies the quantum Yang-Baxter equation:
where
The following well-known result (see [9] ) gives the FRT formulation [7] of the Yangian algebra.
Proposition 2.2. The defining relations of Yangian can be written compactly as
The principal realization of Y (gl N ). In [1] a new set of generators, the principal generators, x (k) ij are introduced. Here the indices i, j ∈ Z N , k ∈ N. Let x ij (u) be the generating series:
This can be viewed as the inverse of the Fourier transform on the finite sequence {t k,k+j (u)} where the variable k ∈ Z N . Then the formula (2.7) can be rewritten as
Rewriting the T-matrix T (u) by using the principal basis of gl N and x ij (u) as follows
we obtain the principal realization of Y (gl N ) as follows. 
We can simplify the commutation relations and get a new compact formula as follows:
where a, b run through the group Z N .
It is easy to see that Proposition 2.3 is a consequence of Theorem 2.4.
We first describe the structure of the Oshanski twisted Yangian algebras associated to so N and sp N in this section.
3.1. The Lie algebra so N and sp N . We will consider simultaneously both so N and sp N . In the following let the index set Z N = {0, . . . , N − 1} for matrices in Mat(N). Let A → A t denote the transposition of Mat(N) defined by
where i, j ∈ Z N . The scalar θ i is defined according to two cases as follows. For the symmetric case,
and for the alternating or antisymmetric case with N = 2n,
Introduce the following elements of the Lie algebra gl N :
then the Lie subalgebra spanned by F ij is isomorphic to so N in the symmetric case and to sp N in the alternating case. The resulting Lie algebra will be denoted by g N . Thus,
where the latter case N is supposed to be even. Corresponding to the principal basis of gl N , we can derive the following simple result.
Proposition 3.1. The subalgebra of gl N spanned by the elements
In particular,
Proof. It follows from Equation (2.1) that
where we used θ N −1−k = −θ k and ω N = 1 in the last equation. It follows from equation (2.1) and inverting the Fourier transform that
Therefore we have
In particular, θ k = θ k+j = 1 in the symmetric case and
Just as in the case of gl N , we can also interpret the generators B ′ ij s using Fourier transform.
Definition 3.2. The twisted Yangian corresponding to g N is a unital associative algebra with generators s (1) ij , s (2) ij , ..., where i, j ∈ Z N , and the defining relations are given in terms of generating series
as follows.
and
Whenever the double sign ± or ∓ occurs, the upper sign corresponds to the so N case and the lower sign to the sp N case.
These relations can also be given in an equivalent matrix form. For this purpose we define the partial transpose R t (u) for the Yang's R-matrix (2.6) by
Furthermore, we regard S(u) as an element of the algebra Y (g N ) ⊗ EndC N given by
Then the twisted Yangian can be characterized by the following relations [9] :
and the symmetric relation:
The following relations between twisted Yangian and classical Lie algebras will be useful.
Proposition 3.3. [9]
The assignment
Moreover, the assignment
Principal realization of Y (g N )
In this section we give the principal realization for twisted Yangian Y (g N ) analogous to the Y (gl N ) case. As before the generators are certain Fourier coefficients.
We start by recalling a well-known result in linear algebra. Let {e i } and {e i } be a pair of dual bases of simple Lie algebra g, then the rational r-matrix can be expressed as follows (cf. [1] ):
Moreover, this expression is independent of the choice of the dual bases. Using the principal basis of gl N , we get the following result.
Lemma 4.1. The permutation matrix P can be written as
The partial transposition of P can be written as
In particular, when g N = so N (4.3)
Proof. Note that {A kl } and { ω kl N A −k,−l } are dual principal basis of gl N . Invoking (4.1) we have
Using Proposition 3.1, we get
And in the case of g N = so N ,
We now introduce a new set of generators y (r) ij of twisted Yangian Y (g N ), where i, j ∈ Z N , r ∈ Z + . Rewrite the matrix of generators S(u) as follows:
where y kl (u) ′ s are the generating series defined by:
and y
Theorem 4.2. The principal generators y (r)
ij of the Yangian Y (g N ) satisfy the following relations:
In particular, when g N = so N the defining relations can be reduced to the following relations:
Here we only prove the case g N = so N as the other case is similar. In order to prove the theorem, we need the following lemma: Lemma 4.3. We have the following equations for g N = so N :
Proof. Here we just check the equation (4.6), and the other two equations can be proved by the same method. Using the principal decomposition of the operator Q (see formula (4.3)), we have
Similarly, we can get
from which one gets Equation (4.6).
Now we prove Theorem 4.2 (the case g N = so N ) using the above lemma.
Proof. From the equation (3.3), it follows that
Then one derives the reflection relation in the Theorem 4.2 by using the equations in lemma 4.3.
Next we check the symmetric relation. It follows from definition that the symmetric relation is
Using the principal presentation of S(u) we have:
Then we can rewrite the symmetric relation as following:
which is just the symmetric relation in the theorem.
The inverse mapping is given by
Proof. This can be quickly shown by the inverse Fourier transform. For completeness we give another proof. From the principal realizations of twisted Yangian Y (g N ), we have
Plugging back into the equation, one has
Since A k,l and ω kl N A −k,−l are dual bases of gl N , it follows that:
From the Theorem 4.4, we know that as in the case Y (gl N ), the principal generators y ij (u) of Y (g N ) are actually obtained from the Fourier transform of the sequence {s k,k+j (u)}, where k ∈ Z N . y ij (u) = F −1 ({s k,k+j (u)})(i).
By Theorem 4.4 we can get the following algebra homomorphism between the twisted Yangian Y (g N ) and the universal enveloping algebra U(g N ). Proof. From Theorem 4.4, it follows that the mapping
is an isomorphism of the two presentations of Y (g N ). And from the proposition 3.3, we have that the assignment
is an algebra homomorphism between Y (g N ) and U(g N ). Then we get an algebra homomorphism between Y (g N ) and U(g N ):
Subsequently one has
which is just B −k,l . So the assignment y kl (u) → 1 N δ k,0 δ l,0 + (u + Similarly, we can show that the assignment B ij → Ny 
